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ABSTRACT: Amplification of chirality, being a strongly nonlinear response of the optical activity of helical
polymers to a small (net) amount of optically active material, has recently been discovered in
supramolecular copolymers. Apart from the sergeants-and-soldiers type we discussed in earlier work,
chirality amplification can also occur in copolymers consisting of the two enantiomeric forms of the
monomeric building blocks. We outline the first theoretical treatment of this “majority-rules” type of
chirality amplification in self-assembled aggregates. Our treatment, which is based on the one-dimensional,
two-component Ising model, is analytical and exact in the infinite-chain limit. We find a strong dependence
of the strength of the chirality amplification on the free-energy penalty of a helix reversal as well as on
that of a mismatch between the preferred helical handedness of a monomer and the actual screw sense
of the bond that follows it. The strength of the chirality amplification shows a monotonic increase with
increasing helix reversal penalty but a strongly nonlinear and nonmonotonic dependence on the mismatch

penalty.

I. Introduction

Amplification of chirality is a well-known phenom-
enon in solutions of helical copolymers.12 Of the two
classes of chirality amplification, the sergeants-and-
soldiers type has been studied most extensively, while
the majority-rules type is somewhat less well-known.
The sergeants-and-soldiers principle is characterized by
a strongly nonlinear response of the optical properties
of the (achiral) polymers to the addition of a small
amount of homochiral material,® whereas the majority-
rules principle represents a similar effect for chains
consisting of both enantiomeric forms of the chiral
monomers, one of which is present in (small) excess.*
Both effects occur due to a shift in the balance between
left- and right-handed helical bonds, which can be quite
large.

Recently, strong chirality amplification of the ser-
geants-and-soldiers type was found in solutions of self-
assembled helical aggregates by measurements of the
optical activity.>® This is remarkable, since the mono-
meric units in these aggregates are linked by relatively
weak bonds, making the aggregates in a way quite
fragile. In earlier work, we found that the sergeants-
and-soldiers principle in such self-assembled systems
can be accurately described in terms of a one-dimen-
sional, two-component Ising model.”8 In this paper we
modify this model to describe the majority-rules prin-
ciple in long supramolecular polymers. The reason that
a similar model may be used is that the same physical
principles are at work in both the majority-rules and
the sergeants-and-soldiers case. In both cases, the
polymers consist of two types of monomer, which can
be bound in two ways (either by a left-handed helical
bond or by a right-handed one). In addition, both
phenomena find their origin in the cooperativity of the
helical aggregation. However, as we shall see below, for
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a description of the majority-rules type of chirality
amplification we need two free-energy penalties rather
than one. This makes this treatment somewhat more
involved than the one we applied in refs 7 and 8.

Note that our treatment is not the first to describe
the majority-rules effect. In a recent paper,® Selinger
and Selinger investigate the majority-rules principle in
conventional (covalently bound) polymers by applying
a random-field Ising model. Unfortunately, the existing
theory cannot be applied to supramolecular systems, at
least not in principle, since the distribution of the two
types of monomer along the chains is fixed in conven-
tional polymers, whereas in supramolecular aggregates
it is determined by the thermodynamic equilibrium. Our
treatment is specifically suited to describe chirality
amplification in supramolecular polymers and is ana-
lytical and exact in the infinite-chain limit.

The remainder of this paper is organized as follows.
In section 11 we outline our model for the majority-rules
effect in dilute solutions of long supramolecular poly-
mers, and in section Il we calculate the net helicity
(defined as the difference between the fractions of right-
and left-handed bonds of a polymer) as a function of the
enantiomeric excess (defined as the difference between
the fractions of right- and left-handed chiral monomers).
In section 1V we present our results and demonstrate
that the amplification of chirality increases strongly
with an increasing free energy penalty on a helix
reversal. We also show the nonmonotonic dependence
of the chirality amplification on the free energy of a
mismatch between the preferred screw sense of a
monomer and the bond that follows it. Finally, in section
V we summarize our findings and give a brief outlook.

I1. The Single-Aggregate Partition Function

In our description we consider a dilute solution of
aggregates, so that we may ignore interaggregate
interactions. We assume that the aggregates are long,
and discard finite-size effects, allowing us to describe
the configurational statistics of polymers with a rela-
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tively straightforward ground-state calculation. It seems
reasonable to suggest that long-range intraaggregate
interactions are unimportant for the problem in hand.
Presuming that the amplification of chirality is domi-
nated by interactions on small length scales, such as
nearest-neighbor interactions, we can rely on a two-state
Ising model in one dimension to properly describe the
conformational state of the aggregates.”1°

We make a distinction between two types of mono-
mer: a chiral monomer that has a preferred left-handed
screw sense (which we shall abbreviate as a “—”
monomer) and one that has a preferred right-handed
screw sense (the “+ ” monomer). These monomers can
be linked in two ways: one corresponding to a right-
handed helical conformation and one corresponding to
a left-handed one. These ways of bonding we refer to as
the “+” bond, which is the bond type most compatible
with the “+” monomer, and the “—" bond, which is most
compatible with the “—” monomer. Furthermore, we
introduce two free-energy penalties, R and W: the first
penalizes a helix reversal along the chain, and the
second penalizes a mismatch between the preferred
screw sense of a monomer and the bonds near to it. The
former penalty is invoked when two consecutive bonds
have different conformations, and the latter is used
whenever a “+” bond follows or precedes a “—" monomer,
and vice versa. We apply the mismatch penalty twice
when both monomers surrounding a bond are of the type
incompatible with that bond. These energies, and all
other energies in this paper, are given in units of kgT,
with kg being Boltzmann’s constant and T the absolute
temperature.

Our model corresponds to the following dimensionless
Hamiltonian H for a chain of degree of polymerization
N.

1 N—-2 1 N—-1
H= 5R Z(—sjsj+l +1) + EP Z(sj +1) +
i= =
N-1 1
WZ[l — E(Sjnj + sjnjﬂ)] —EN-1) (1)
E

Here, s; gives the state of the jth spin (or bond), with s;
= —1 for a “down” spin (a “—” bond) and s; = + 1 for an
“up” spin (a “+” bond), and n; gives the type of the jth
monomer, with nj = — 1 for a “—" monomer and n; = +
1 for a “+” monomer. The quantity P corresponds to the
magnetic-field strength in the Ising model and couples
to the “up” spins, and —E is the reference bond free
energy. Note that the Hamiltonian (eq 1) is only valid
for chains of length N > 3, which is indeed the regime
we wish to describe.

The (quasi-grand canonical) partition function of a
single aggregate now reads

N N
E(N) = (|!:| nkzﬂ) exp u_(N — %JZ(nj + 1)+
1 N N-1
Eﬂ+,;(nj +1) (D S;) exp(—H) (2)

Here, the first and last bracketed terms are repeated
sums, u— is the chemical potential of the “—” monomers,
and u4 is that of the “+” monomers. We use a quasi-
grand partition function here, in which the total number
of monomers in the chain is kept fixed at N, while the
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chain composition can change. This partition function
is evaluated with the aid of the well-known transfer
matrix method. The transfer matrix contains the sta-
tistical weights for all configurations of a monomer-bond
pair, dependent on the monomer-bond pair preceding
it. The matrix can be derived from the Hamiltonian (eq
1) by standard methods.!! For this, it turns out to be
convenient to redefine the chemical potentials, so that
we obtain a reference chemical potential (equal to u-)
and an excess chemical potential, defined as u = uy+ —
u-. We now define a fugacity z = exp(u) that we
introduce into the transfer matrix whenever a “+”
monomer is considered. (See ref 8 for a formal derivation
of a transfer matrix including these chemical potentials.)
The aggregate can be divided into two sublattices: one
that contains the monomers (with states +1 and —1)
and one that contains the bonds (also with states +1
and —1). Taking into account the interactions between
the two sublattices, the transfer matrix becomes the
sum of four matrices, one for each possible combination
of monomers preceding and following the bond under
consideration. It takes the final form

(@ +w)(zw +1) (1 + w)(zw + )Wo

svo(l + w)(w + z) s(1 +w)(w + 2) ®)
with s = exp(—P) and w = exp(—W) the Boltzmann
factors of an “up” spin (over a “down” one) and that of
a mismatch between a bond and a monomer, and o =
exp(—2R) the squared Boltzmann factor of a helix
reversal. In the matrix representation we can rewrite
the partition function Z(N), eq 2,8 giving

Z(N) = exp[u_N + E(N — D]a-MN2at  (4)

The quantities G and % are the vectors that describe
the probability distribution over the states of the
aggregate ends. Since our treatment is meant to de-
scribe the long-chain limit, we need not specify these.

I11. Ground-State Approximation

To make the partition function explicit, we determine
the eigenvalues of M. These are 43, = Y/»(1 + w)(1 + zs
+ zw + sw + Vo), where 1; is given by the plus sign
and 1, by the minus sign. Here, o = (zw + 1 — sw —
sz)? + 4o(zw + 1)(sw + sz). The partition function now
becomes a sum of two terms, each including one of the
eigenvalues. In the long-chain limit, the term which
includes 4, is much larger than that which contains A,.
We can therefore use the so-called ground-state ap-
proximation and retain only this term.12 The partition
function then becomes

Z(N) ~ A(s,0,w,z) exp[uoN + E(N — 1IN (5)

Here, A is a prefactor that contains end effects and as
such does not contribute in a significant way in the long-
chain limit. Formally, eq 5 is only valid for N > 1,
becoming exact in the infinite-chain limit, but we
extrapolate it down to N > 2. This is allowed if the mean
degree of polymerization, N = +/¢exp(e), remains
large; here ¢ is the volume fraction of aggregating
molecules and € = E — In A(s,0,w,z) is the free-energy
penalty associated with the aggregate ends (the so-
called end-cap energy).'? In the long-chain regime, the
mass distribution of the aggregates is fairly sharply
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peaked around N = [IN[J This means that we need not
deal explicitly with the self-assembly, and we can
represent the (concentration- and temperature-depend-
ent) mean value IN[(by N in the remainder of this paper.
From the partition function we can obtain the quanti-
ties that determine the strength of the chirality ampli-
fication, being the net helicity (the fraction right-handed
minus the fraction left-handed helical bonds) and the
enantiomeric excess x (the fraction of “+” monomers
minus that of “— ” monomers). These are given by

n=-1+2(N—-1)"aInEN)dIns~ -1+

2> 91,/9s (6)
Ay

Zz

x=-1+2N"13lIn EN)oInz~—1+2;
1

Mz (7)

These limiting equations become exact for infinitely long
chains. Since right-handed bonds are not intrinsically
more or less favorable than left-handed ones, we now
set s = 1 by symmetry and simplify eqs 6 and 7. The
net helicity # and enantiomeric excess x become
-1 -w)

8
e (8)

X:

(z — 1)1 + w)Wa + dwo(Z® — 1) + (22 — 1)1 — w)?
[z + 1)1+ w) + Vo]V

9)

with a as defined earlier in this section. In principle,
we can now eliminate z from eqgs 8 and 9 and express x
in terms of », g, and w. However, we found it more
convenient to numerically solve z from eq 8 for fixed
values of w, 1, and o and insert the obtained value for
z back into eq 9 to obtain x. We discuss the results of
this procedure in the next section. We limit our discus-
sion to the regime where the fraction of “+” monomers
is equal or larger than the fraction of “—” monomers.
Since the majority-rules effect is symmetrical, the
results for a majority of “—” monomers would be
identical, albeit that #», as defined in eq 6, would become
negative.

IV. Results and Discussion

Let x~ be defined as the enantiomeric excess needed
to induce a net helicity of one-half. It is a measure of
the strength of the chirality amplification, in that the
lower x» is, the more monomers are influenced by a
single “+” monomer. To investigate the impact of the
various free-energy penalties on this quantity, we plot
it in Figure 1, against the squared Boltzmann factor of
a helix reversal o, for different values of the Boltzmann
factor w of a mismatch. The figure shows that, for fixed
low values of ¢ (and hence high values for the free
energy of a helix reversal), the strength of the chirality
amplification increases monotonically with increasing
value of the Boltzmann factor of a mismatch. This is
because in this regime (where helix reversals are very
unfavorable) the lower the mismatch free energy is, the
more “—" monomers can be present in the aggregates
without changing the net helicity. In this low-o regime,
the degree of chirality amplification becomes insensitive
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Figure 1. Excess fraction of “+” chiral material needed to
attain a net helicity of one-half, x~ , vs 0 = exp(—2R), with R
the free-energy penalty of a helix reversal, for six values of
the mismatch parameter w, as indicated.
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Figure 2. Net helicity # as a function of the enantiomeric
excess x, for different values of the mismatch parameter w as
indicated, at a fixed value of the free energy of a helix reversal
of zero (0 = 1).

to the value of o (especially for low w), as indicated by
the horizontal curves. Apparently, the chirality ampli-
fication is dominated by the value of w here, whereas
for higher values of o, the free-energy penalty of a helix
reversal becomes more important.

When we look at the high-o regime, we observe that
the amplification of chirality is lower than in the low-o
regime; for o = 1 there is no longer any amplification of
chirality. For values of w close to unity, it is even so
that a net helicity of one-half cannot be reached, even
if only “+” monomers are present.

We now look at the chirality amplification for two
values of ¢ in more detail by taking vertical cuts through
the diagram. To this end, we first consider the case o =
1 (implying no penalty on helix reversals) (see Figure
2). In this case, as may in fact already be concluded from
Figure 1, we notice that there is indeed no chirality
amplification. It follows from eqs 8 and 9 that

= (H)x (10)

This is a linear function of x, and an increase in w from
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Figure 3. As in Figure 1, at a fixed value of the free energy
of a helix reversal of 3.5 kgT, corresponding to ¢ = 1073.

zero to unity causes a monotonic decrease of the
maximum net helicity. Two limiting cases present
themselves: w — 0 and w — 1. In the first case, where
the mismatch penalty w goes to zero, » — x. This in fact
holds for all values of ¢, as can be seen from egs 8 and
9. The reason is that for w = 0 every “+” monomer must
be followed by a “+” bond and every “—” monomer by a
“—" bond. The o independence of the chirality amplifica-
tion in this limit arises because our model does not allow
for a helix reversal without a mismatch free energy
being involved. In the second limit, w — 1, the net
helicity stays equal to zero over the entire range of x
(and o) values. There is then no longer a penalty on a
mismatch between monomer and bond, and the chain
conformation will be determined by entropy, leading to
a state where half of the bonds have a “+” conformation
and half a “—” conformation.

In Figure 3, we plot the net helicity as a function of
the enantiomeric excess at a fixed helix reversal penalty
of 3.5 kgT, and we find that the chirality amplification
changes in a strongly nonlinear way with w for o < 1.
Strong chirality amplification occurs at values of w
around 0.7 (corresponding to an energy penalty of 0.4
ksT). When the value of w approaches unity, the
maximum net helicity decreases, and the value n =1 is
no longer reached, not even in the case of aggregates
that consist of only one type of enantiomer. This means
that care must be taken in the interpretation of experi-
mental data, as the maximum obtained optical effect
may not correspond to the state in which all bonds are
of one type.

In the limit of infinite cooperativity (¢ — 0) we find
from egs 8 and 9 that » can only have two values, —1 or
1, dependent on whether z and w are smaller or larger
than unity. This is because in this limit

y— w—1)z—-1)
Viw — )%z — 1)?

The numerator and denominator are identical, albeit
that the sign of 5 varies with w and z. In other words,
the aggregates are either fully right-handed or fully left-
handed helical for all values of x. This may correspond
to the discontinuous phase transition in the one-
dimensional Ising model, which occurs under the same
circumstances of infinite coupling constant and infinite
chain length.

(11)
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V. Conclusions and Outlook

We present an analytical treatment of the majority-
rules type of chirality amplification in solutions of
helical, self-assembled polymers, valid in the long-chain
limit and exact in the infinite-chain limit. Our treatment
requires two free-energy penalties: one on a helix
reversal and one on a mismatch between a bond and
the monomers near to it. We find that the chirality
amplification becomes monotonically stronger with an
increasing penalty on a helix reversal but that it shows
a strongly nonmonotonic dependence on the mismatch
penalty. Finally, we note that for low values of the
mismatch penalty fully right-handed or left-handed
aggregates no longer form (at least in the regime of
infinite chains which we consider here).

Ideally, we would like to compare our theoretical
results to experimental ones. Unfortunately, to our
knowledge, no measurements have been published on
mixtures of enantiomers in self-assembled polymers,
and we cannot make a quantitative comparison at this
time. Recently, however, preliminary majority-rules
experiments have been conducted on self-assembled
aggregates of discotic molecules by Palmans and co-
workers.13 Results obtained indicate that our treatment
can indeed describe the data, where we find values of
the parameters ¢ and w of approximately 1073 and 0.7.
The former corresponds roughly to a degree of cooper-
ativity found in the sergeants-and-soldiers experiment
in a similar type of system.”

Note that experimental results have indeed been
published on the majority-rules principle in helical
polyisocyanate copolymers.* Although our model does
not formally apply to conventional polymers (as men-
tioned in section 1), we tentatively compare our results
to these experimental results. We obtain good agree-
ment for =5 x 107% and w = 0.91 (results not shown).
We speculate that this means that the discotic mono-
mers form helix reversals more readily than the poly-
isocyanates do but that they have a somewhat higher
mismatch penalty than the conventional copolymers.
The good agreement we observe between our theory and
both sets of experimental results seems to indicate that
equilibrium and fixed disorder give similar results for
the majority-rules case.

While our treatment seems to describe known experi-
mental results well, we must nevertheless remember
that it is only valid for the long-chain limit. This implies’
that it can only be sensibly used to describe measure-
ments performed in the concentration-independent re-
gime. If one wishes to describe concentration depend-
ence, an elaboration of our treatment is necessary,
analogous to the one given in ref 8 to the ground-state
treatment of the sergeants-and-soldiers case. This means
that one should retain both eigenvalues of the transfer
matrix and use the definitions eqs 6 and 7 to determine
the chirality amplification.
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